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We describe an infinite class of digraphs with the property that the reversal of 
any arc increases the length of a longest directed cycle and we use this to disprove 
the conjecture of Ad&n than any digraph containing a directed cycle has an arc 
whose reversal decreases the total number of directed cycles. (" 1987 Academx Press, 
Inc 
More than 20 years ago, Adam [ 1 ] made the conjecture mentioned in 
the Abstract (see also [2, 3,4, 5, 6, lo]). In this note we describe coun- 
terexamples to Adam’s conjecture based on digraphs of the form C, x C,, 
the Cartesian product of two directed cycles. In [ 1 I] it was shown that 
infinitely many of these digraphs are hypohamiltonian. Subsequently, the 
cycle length distribution of C, x C, has been determined completely with 
the aid of knot theory on the torus (see [9] and its references). Penn and 
Witte [9] proved that Ck x C, has a directed cycle of length p iff there 
exists relatively prime natural numbers a, b such that ak + bm =p. 
In this note we point out that infinitely many of the digraphs C, x C, 
have another interesting property as mentioned at the beginning of the 
Abstract. 
ARC REVERSALS IN DIRECTED GRAPHS 
THEOREM 1. Infinitely many oriented graphs of the type Ck x C, have 
the property that the reversal of any arc increases the length of a longest 
directed cycle. 
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FIG. 1. C5 x C, and directed cycles of length 34 or 35 when an arc is reversed. (All arcs 
represented by vertical or horizontal straight line segments are directed upwards or to the 
right.) 
Proof: By the above-mentioned result of Penn and Witte it follows that 
C5XGflOk (k 3 0) has no directed cycle of length 35 + 50k or 34 + 50k. 
However, the reversal of any arc creates such a cycle. We have indicated 
this for k = 0 in Fig. 1 and the directed cycles there easily generalize. 1 
Now, consider an oriented graph D whose longest directed cycle has 
length s such that the reversal of any arc increases the length of a longest 
directed cycle. Let t denote the maximum number of distinct directed cycles 
all through the same arc of D and let D, denote the digraph obtained from 
D by replacing each arc by k parallel arcs. Then no arc of D, is contained 
in more than tk”- ’ directed cycles but if we reverse any arc of D, then that 
arc is contained in a directed cycle of length at least s + 1 and hence it is 
contained in at least k” such cycles. So when k > t, D, is a counterexample 
to Adam’s conjecture. Hence Theorem 1 implies 
THEOREM 2. For each natural number p, there exists a natural number r 
(r >p) and a strongly 2-connected counterexample to Ad&z’s conjecture with 
more than p vertices all qf which have indegree and outdegree r. 
In our counterexamples to Adam’s conjecture, parallel arcs play an 
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important role and it remains unsolved if there are counterexamples with 
no such arcs. Also, the problem is open for tournaments (see [4, lo]). 
J. NeSetFil has informed the author that other counterexamples to 
Ad&m’s conjecture were obtained independently by the late E. .I Grinberg. 
These examples, which were inspired by projective geometry, will appear in 
[7]. Some of them were also investigated in [S]. It is not yet clear whether 
or not Grinberg’s examples give an infinite class of counterexamples 
(except for the obvious ones obtained from one example). 
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